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ALL 3–MANIFOLDS ARE THE BOUNDARY OF EXOTIC 4–MANIFOLDS
JOHN B. ETNYRE, HYUNKI MIN, AND ANUBHAV MUKHERJEE
ABSTRACT. In this note we show that any closed, oriented 3–manifold is the boundary of a simply
connected 4–manifold that admits infinitely many distinct smooth structures. We also show that any
fillable contact 3–manifold is the boundary of a simply connected 4–manifolds that admits infinitely
many distinct smooth structures each of which supports a symplectic structure with concave bound-
ary, that is there are infinitely many exotic caps for any contact manifold.
1. INTRODUCTION
Quickly after the groundbreaking work of Freedman [21] and Donaldson [8] in the early 1980s
it was realized that closed 4–manifolds could support more than one smooth structure. The first
such example appeared in Donaldson’s paper [9] after which it was shown by Okonek and Van
de Ven [36] and Friedman and Morgan [22] that some topological 4–manifolds admit infinitely
many smooth structures. Since then there have been a great deal of work showing that many
simply connected 4–manifolds admit infinitely many smooth structures and it is possible that any
4–manifold admitting a smooth structure admits infinitely many.
A relative version of this phenomena has not been as well studied. Natural questions along
these lines are the following.
Question 1. Given a smooth 4–manifold with boundary, does it admit infinitely many distinct smooth
structures?
We also have the following easier question.
Question 2. Given a 3–manifolds, is it the boundary of a 4–manifold that admits infinitely many smooth
structures?
In this paper we completely answer the second question.
Theorem 1.1. Let Y be a closed oriented 3–manifold. There is a compact, simply connected 4–manifold X
such that ∂X = Y and X admits infinitely many non-diffeomorphic, rel boundary, smooth structures.
We will call a 4–manifold X with boundary M a filling of M and we will call a different smooth
structure on X an exotic filling, or an exotic smooth structure on the filling. So the above theorem
can be stated as any closed oriented 3–manifold admits a simply connected filling with infinitely
many exotic smooth structures.
Remark 1.2. In the main theorem above, the smooth structures are only shown to be exotic by a
diffeomorphism that is the identity on the boundary. It would also be interesting to know the
answer when Y bounds an X with infinitely many exotic smooth structures that are not diffeo-
morphic by any diffeomorphism, we call these absolutely exotic structures. While we don’t have
a complete answer here, in many cases this is easy to achieve. In particular, notice that if Y has a
finite number of diffeomorphisms up to isotopy, then an infinite subset of the smooth structures in
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Theorem 1.1 must be absolutely exotic. It is well-known that lens spaces [6], hyperbolic manifolds
[23], and many other 3–manifolds have finite mapping class groups. So for these manifolds one
may remove “rel boundary” from Theorem 1.1.
Remark 1.3. An obvious way to try to construct an infinite number of smooth structures on X
would be to start with one and form the connected sum with exotic smooth structures on a closed
manifolds. This may not produce distinct smooth structures. For example, if one choose X to
have many S2 × S2 summands, then connect summing X with many families of exotic smooth
manifolds will produce diffeomorphic manifolds by a result of Wall [42]. For a well-chosen X it is
likely that this construction will produce exotic fillings of Y , but proving they are different could
be difficult as the Seiberg-Witten invariants frequently vanish under connected sum.
Prior to this work there were several works addressing Question 1 (and hence Question 2) in
specific cases. We first note that since any diffeomorphism of S3 extends over B4, one can use all
the past work on closed manifolds to show that S3 has many fillings with infinitely many exotic
smooth structures. Similarly, one can show that diffeomorphisms of circle bundles over surfaces
can be extended over the disk bundles that they bound. Thus by finding embedded surfaces in
the above mentioned closed manifolds with infinitely many smooth structures, one can remove
neighborhoods of these surfaces to show that some circle bundles over surfaces have fillings with
infinitely many exotic smooth structures.
Moving beyond these obvious examples, the first result concerning Question 1 is due to Gompf,
[27]. He showed that “nuclei” of elliptic surfaces Nn have infinitely many smooth structures.
These Nn are simply connected 4–manifolds with with second homology of rank 2 and boundary
the Brieskorn homology spheres Σ(2, 3, 6n − 1). Thus Question 2 is answered for this family of
3–manifolds.
In [4], Akhmedov, Mark, Smith and the first author gave explicit examples of circle bundles over
surfaces with infinitely many exotic smooth fillings and also showed that all of these also have
Stein structures. In particular, it was shown that there are contact 3–manifolds that admit a filling
by a 4–manifold that have infinitely many smooth structures and each smooth structure has a
Stein structure that fills the contact structure, that is these contact manifolds admit infinitely many
exotic Stein fillings. This work was extended by Akhmedov and Ozbagci in [5] to give families of
Seifert fibered spaces with infinitely many exotic fillings (and exotic Stein fillings). More recently,
Akbulut and Yasui [3] gave an infinite family of 4–manifolds each of which is simply connected
has second Betti number b2 = 2, and admits infinitely many distinct smooth structures (each of
which is also Stein). The fillings constructed in Theorem 1.1 are large in the sense that in general
they have large b2. In the closed case it is quite interesting to try to find the simply connected 4–
manifold with the smallest b2 that has infinitely many smooth structures. This leads us to naturally
ask the following question.
Question 3. Given a closed oriented 3–manifold Y , what is the minimal second Betti number of a filling
X of Y that admits infinitely many exotic smooth structures?
We also note that in [2], Akbulut and Yasui show that many 3–manifolds (in particular ones
realizing all possible homologies for a 3–manifold) admit fillings with any arbitrarily large, but
finite, number of smooth structures (that also admit Stein structures).
The proof of Theorem 1.1 uses symplectic and contact geometry and as a byproduct of the proof
we also establish the following result.
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Theorem 1.4. Let (Y, ξ) be a closed contact 3–manifold that admits a strong, respectively weak, symplec-
tic filling, then there is a compact simply connected 4–manifold X with ∂X = −Y that has infinitely
many smooth structures, each of which admits a symplectic structure that is a strong, respectively weak,
symplectic cap for (Y, ξ). In addition, X has infinitely many smooth structures that admit no symplectic
structures.
We recall that a compact symplectic manifold (X,ω) is a strong symplectic filling of (Y, ξ) if
∂X = Y and there is a vector field v defined near ∂X such that the Lie derivative of ω satisfies
Lvω = ω, v points out of X and ιvω is a contact form for ξ. Moreover, (X,ω) is a strong symplectic
cap for (Y, ξ) if it satisfies all the properties above, except ∂X = −Y and v points into X . We also
say (X,ω) is a weak filling of (Y, ξ) if ∂X = Y and ω|ξ > 0 (here all our contact structures are
co-oriented). Similarly, (X,ω) is a weak cap of (Y, ξ) if ∂X = −Y and ω|ξ > 0.
The existence of symplectic caps has a long history. The first result concerning the existence of
symplectic caps was due to Lisca and Matic [31] for Stein fillable contact structures and Akbulut
and Ozbagci [1] gave a more explicit construction of these caps in the spirit of this paper. The first
author and Honda [16] and Gay [24] then proved that any contact structures had symplectic caps,
in fact proved that they had infinitely many caps (with different topology). Eliashberg [10] and
the first author [13] proved that weakly fillable contact structures had weak symplectic caps (they
actually proved something stronger, but it is not relevant to the story here). Given that symplectic
caps exist for any contact manifold, one is lead to the following obvious question.
Question 4. Given any closed contact 3–manifold (Y, ξ), is there a 4–manifold X with ∂X = −Y that
has infinitely many smooth structures, each of which admits a symplectic structure that is a strong cap for
(Y, ξ)?
We note that the analogous question for symplectic fillings sometimes has the answer of NO and
sometimes YES. For example, overtwisted and many tight contact structures have no symplectic
fillings at all and even ones that do frequently have only one or finitely many (up to blowing up
and down) [29, 30, 32, 35, 38, 39, 44]. On the other hand, [4] shows the answer is YES for some
contact manifolds.
We now briefly sketch the proof of the two theorems above. To prove Theorem 1.4 we will
first construct a symplectic cap (X,ω) for (Y, ξ) that embeds in a closed symplectic manifold
(W,ω′). Then it is well known, by combining work of Taubes [40] concerning the non-vanishing of
the Seiberg-Witten invariants of a symplectic manifold and Fintushel and Stern [20] on changing
Seiberg-Witten invariants, that W has infinitely many smooth structures each of which supports
a symplectic structure. Then by the construction of X and work of Boyer [7] on topological man-
ifolds with boundary, we will see that X has infinitely many smooth structures each of which
supports a symplectic structure making it a cap for (Y, ξ). This will be carried out in Section 3
Building on this we prove Theorem 1.1 by taking any closed oriented 3–manifold Y and em-
bedding it in a symplectic (in fact Weinstein) cobordism (C,ω′) from a fillable contact manifold
(M, ξ) to another contact manifold (M ′, ξ′) so that Y separates the boundary components of C.
Then building a symplectic cap (X,ω) for (M ′, ξ′) we can proceed, with care, as above to produce
the infinite exotic fillings of Y . This will be carried out in Section 4. We end this introduction by
noting this proof brings up an interesting topological question about “factoring” cobordisms.
Question 5. Given a smooth 4–dimensional cobordism C, what closed 3–manifolds Y embed in C separat-
ing its upper and lower boundaries? What can be said when C is a product M × [0, 1]?
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Notice that this question vastly generalizes the well studied, but still mysterious, problem of
determining which 3–manifolds embed inR4. To see this notice that if a closed 3-manifold embeds
in R4 then Y separates R4 into two pieces. Removing a point from the compact piece will give an
embedding of Y into S3 × R, or equivalently into S3 × [a, b] and Y will separate the boundary
components. There are many easy obstructions one can come up with for such embeddings, but
their study will be left for future work.
Acknowledgements. The authors thank Jen Hom for many helpful conversations. We also
thank mathoverflow contributor user101010 for asking the question that prompted this research.
The first and third authors were partially supported by NSF grant DMS-1608684.
2. BACKGROUND
2.1. Contact structures, Weinstein cobordisms, and open books. We assume the reader is famil-
iar with basic results concerning contact and symplectic geometry and open book decompositions
as can be found in [15], but we briefly recall some of this to establish notation and for the conve-
nience of the reader.
We begin by recalling that a Legendrian knot L in a contact manifold (Y, ξ) has a standard
neighborhood N and a framing frξ given by the contact planes. If L is null-homologous then frξ
relative to the Seifert framing is the Thurston-Bennequin invariant of L. If one does frξ−1 surgery
on L by removing N and gluing back a solid torus so as to affect the desired surgery, then there is
a unique way to extend ξ|Y−N over the surgery torus so that it is tight on the surgery torus. The
resulting contact manifold is said to be obtained from (Y, ξ) by Legendrian surgery on L.
Recall a symplectic cobordism from the contact manifold (Y−, ξ−) to (Y+, ξ+) is a symplectic
manifold (W,ω) with boundary −Y− ∪ Y+ where Y− is a concave boundary component and Y+
is convex. Here, unless specifically stated otherwise, we mean convex and concave in the strong
sense defined above. The first result we will need concerns when symplectic cobordisms can be
glued together.
Lemma 2.1. If (Xi, ωi) is a symplectic cobordism from (Y −i , ξ
−
i ) to (Y
+
i , ξ
+
i ), for i = 1, 2, and (Y
+
1 , ξ
+
1 )
is contactomorphic to (Y −2 , ξ
−
2 ), then we may use the contactomorphism to glue X1 and X2 together to get
a symplectic cobordism from (Y −1 , ξ
−
1 ) to (Y
+
2 , ξ
+
2 ).
The proof is a simple exercise, cf. [12].
Another way to build cobordisms is by Weinstein handle attachment, [28, 43]. One may attache
a 0, 1, or 2–handle to the convex end of a symplectic cobordism to get a new symplectic cobordism
with the new convex end described as follows. For a 0–handle attachment, one merely forms the
disjoint union with a standard 4–ball and so the new convex boundary will be the old boundary
disjoint union with the standard contact structure on S3. For a 1–handle attachment, the convex
boundary undergoes a, possibly internal, connected sum. A 2–handle is attached along a Legen-
drian knot L with framing one less that the contact framing, and the convex boundary undergoes
a Legendrian surgery.
Given a surface Σ with boundary and a diffeomorphism φ : Σ→ Σ that is the identity near ∂Σ
we can form a close 3–manifold M(Σ,φ) by gluing solid tori to the boundary of the mapping torus
Tφ = Σ× [0, 1]/ ∼,
where (1, x) ∼ (0, φ(x)), so that the meridians to the solid tori map to {p} × [0, 1]/ ∼ for some
p ∈ ∂Σ. If M is diffeomorphic to M(Σ,φ) then we say that (Σ, φ) is an open book decomposition
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for M . Following work of Thurston and Winkelnkemper [41], Giroux [26] showed that there is
a unique contact structure associated to an open book decomposition, we say that the contact
structure is supported by the open book. Moreover, he also showed that every contact structure
is supported by some open book decomposition and if an open book is positively stabilized, then
the supported contact structure is same. A positive stabilization of (Σ, φ) is (Σ′, φ′) where Σ′ is
obtained form Σ by attaching a 2–dimensional 1–handle and φ′ = φ ◦ τγ , where γ is a curve on Σ′
that intersects the co-core of the 1-handle exactly once (and transversely) and τγ is a right handed
Dehn twist about γ.
Lemma 2.2. Let (X,ω) be a symplectic cobordism with convex end (Y, ξ) and (Σ, φ) an open book sup-
porting (Y, ξ). If one attaches a Weinstein 1-handle to (X,ω) then the new convex boundary component
will be supported by the open book (Σ′, φ′) where Σ′ is obtained from Σ by attaching a 1-handle (this may
be attached to Σ in any way) and φ′ is φ extended over the 1–handle so that it is the identity there.
This lemma and the following theorem are proven in [15].
Theorem 2.3. Let (Y, ξ) be a strongly, respectively weakly, convex boundary component of a symplectic
manifold (X,ω) and (Σ, φ) and open book decomposition supporting ξ. If γ is a non-separating curve on
Σ, then
(1) a page of the open book may be isotoped, so that the open book still supports ξ, and γ becomes a
Legendrian curve,
(2) a Weinstein 2–handle may be attached to γ resulting in a new symplectic manifold (X ′, ω′) whose
new boundary component (Y ′, ξ′) is strongly, respectively weakly, convex and obtained from (Y, ξ)
by Legendrian surgery on γ, and
(3) (Y ′, ξ′) is supported by the open book (Σ, φ ◦ τγ).
2.2. Smooth and topological 4–manifolds. The Seiberg-Witten invariants of a closed smooth 4–
manifold X with b+2 (X) > 1 are a map SWX from spin
c structures on X to the integers Z. Recall
that a spinc structure s has an associated Chern class c1(s) ∈ H2(X). Given this for any h ∈ H2(X)
we can define
SWX(h) =
∑
c1(s)=P.D.(h)
SWX(s).
Moreover, since it is well-known that this function is non-zero for finitely many homology classes,
we can conveniently represent this function as an element in the group ring Z[H2(X)] by the
formula
SWX =
∑
SWX(h)th
where th is the element in Z[H2(X)] corresponding to h ∈ H2(X).
There are two main results we will need concerning Seiberg-Witten invariants. The first one
concerns how the Seiberg-Witten invariants change under knot surgery. To state the result we
recall the knot surgery procedure. Let X be a 4–manifold and T a torus embedded in X with
trivial normal bundle. So T has a neighborhood NT = T × D2. Let K be a knot in S3 and
NK = S
1 ×D2 a neighborhood of K in S3. Notice that (S3 \NK)× S1 is a homology D2 × T 2 and
has boundary T 3. Thus we may glueX \NT and (S3\NK)×S1 together so that ∂D2 inNT is glued
to the longitude for K in (S3 \NK)× S1. The resulting manifold is denoted XK and is called the
result of K-knot surgery on X . One may easily check that the homology and intersection pairing
of XK and X are the same. We note that there is some ambiguity in the diffeomorphism type of
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XK as our gluing data does not uniquely specify a diffeomorphism, but this ambiguity will not
affect the result below.
While the knot surgery construction is very general, we will consider it in the case that T sits
nicely in a cusp neighborhood. A cusp neighborhood C is the neighborhood of a cusp singular
fiber in an elliptic fibration, see [28] for more details. A handle picture for C is given in Figure 1.
The complement of the singular fiber in the cusp neighborhood is a T 2 fibration over a punctured
0
−n
FIGURE 1. The surgery diagram on the left without the unknot is a cusp neighbor-
hood. A regular torus fiber can be seen in the neighborhood by taking the punc-
tured torus Seifert surface for the trefoil and capping it off with the core of the
2-handle. The diagram on the left is a Gompf nucleus Nn which clearly contains a
cusp neighborhood. On the right is a Weinstein diagram for N2.
disk. We will consider the knot surgery along tori that are fibers in this fibration.
Theorem 2.4 (Fintushel and Stern 1998, [20]). LetX be a smooth 4–manifold with b+2 (X) > 1. Suppose
X contains a cusp neighborhood C and T is a torus fiber in C. Let K be a knot in S3 and XK the result of
K-knot surgery on X . Then we have
SWXK = SWX ·∆K(t2[T ]),
where ∆K is the symmetrized Alexander polynomial of K.
In our applications below we will actually want the tori along which we do knot surgery to be
in a slightly more constrained. Specifically we would like them to lie in Gompf nuclei Nn [27].
This is an enlargement of a cusp neighborhood and can be thought of as a neighborhood of a cusp
fiber and a section in an elliptic fibration. See Figure 1 for a picture of Nn.
The last result about knot surgery is a simple, but insightful, observation of Fintushel and Stern.
Lemma 2.5 (Fintushel and Stern 1998, [20]). Let (X,ω) be a symplectic 4–manifold and T a symplecti-
cally embedded torus with trivial normal bundle. If K is a fibered knot in S3, then XK may be constructed
so that it has a symplectic structure ωK . Moreover, in the complement of the surgery region of XK and the
neighborhood of the torus in X the symplectic structures ωK and ω agree.
To state the second about Seiberg-Witten invariants that we will need involves symplectic man-
ifolds. We recall that given a symplectic manifold (X,ω) there is a contractible space of almost
complex structures compatible with ω and an almost complex structure uniquely determines a
spinc structure. Thus to a symplectic form ω there is a canonical spinc structure sω associated to it.
Theorem 2.6 (Taubes 1994, [40]). Let (X,ω) be a closed symplectic 4-manifold with b+2 (X) > 1. If
sω is the canonical spinc structures associated to ω, then SWX(sω) = ±1. In particular, we know that
SWX 6= 0.
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We now turn to topological 4–manifolds. Here the main result we need is the following.
Theorem 2.7 (Boyer 1986, [7]). Let Y be a closed, oriented, connected 3–manifold and L be a symmetric
pairing on Zn. There are finitely many homeomorphisms types of compact, simply connected, oriented
4-manifolds with boundary Y and intersection pairing isomorphic to (Zn, L).
3. SYMPLECTIC CAPS
The first part of the following proposition is almost proven in [1, 3, 16, 24] and the second part
in [10, 13], but as the argument is simple and we need caps with all the listed properties we sketch
the proof below.
Proposition 3.1. Given any closed contact 3–manifold (Y, ξ), there is a (strong) symplectic cap (C,ω)
for (Y, ξ) that is simply connected and contains a Gompf nucleus N2 whose regular fiber is symplectic and
has simply connected complement. More generally, given a weak filling (X,ω′′) of (Y, ξ), there is a closed
symplectic manifold (X ′, ω′) into which (X,ω′′) embeds with complement C being simply connected and
containing a Gompf nucleus N2 whose regular fiber is symplectic and has simply connected complement in
C.
Proof. We will build the strong symplectic cap (C,ω) in four steps.
Step 1. Construct a cobordism (C1, ω1) from (Y, ξ) to another contact manifold (Y ′, ξ′) that is simply
connected and contains N2.
The cobordism (C1, ω1) is built by adding Weinstein 2–handles to the convex end of the trivial
symplectic cobordism ([0, 1] × Y, d(etα)), where α is a contact form for ξ and t is the coordinate
on [0, 1]. We begin by noting that one may attach a sequence of 2–handles to [0, 1] × Y to kill the
fundamental group as each 2–handle adds a relation to the fundamental group. The attaching
circles of the 2–handles may be made Legendrian and the framings can be taken to be one less
that the contact framings, thus we can take the handle attachments to be Weinstein 2–handles
attachments. We finally attach two more Weinstein 2–handles as shown on the right hand side of
Figure 1. The resulting cobordism is (C1, ω1).
Step 2. Construct a cobordism (C2, ω2) consisting of Weinstein 2–handle attachments from (Y ′, ξ′) to the
contact manifold (Y ′′, ξ′′) where Y ′′ is the S1–bundle with Euler number−1 over a surface Σ of some genus
and ξ′′ is the S1 invariant contact structure that is transverse to the S1-fibers.
A more detailed version of this argument may be found in [15], but we sketch it here for the
readers convenience. Let (Σ, φ) be an open book supporting the contact structure (Y ′, ξ′). By
stabilizing the open book we can assume that Σ has a single boundary component. Let g be the
genus of Σ. It is well-known that the mapping class group of Σ is generated by Dehn twists about
α1, . . . , α2g+1 show in Figure 2. All facts we use about diffeomorphisms of surfaces are well-known
and can be found, for example, in [19]. Fix some factorization of φ in terms of these Dehn twists.
We will begin Step 2 by attaching 2–handles so that the upper boundary has monodromy that is a
composition of Dehn twist about only the curves α1, . . . , α2g. We may do this as follows. If there
are any negative Dehn twists about α2g+1 in the factorization then after conjugating φ (which does
not change the contact manifold supported by the open book) we can assume it is at the end of
the factorization, then we can attach a Weinstein 2–handle to α2g+1 as in Theorem 2.3. This gives
a cobordism where the upper boundary had the right handed Dehn twist about α2g+1 added, and
this cancels the left handed Dehn twist. So we can now assume there are only right handed Dehn
twists about α2g+1. If there is one, conjugate it to the end of the factorization and add a Weinstein
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Σ
α1 α3
α2 α4
β
α2g+1
α2g
γ γ′
FIGURE 2. The surface Σ′ with the subsurface Σ indicated.
2–handle to β. Now apply the chain relation
τα2g+1τβ = (τα1τα2)
3
to remove the right handed Dehn twist about α2g+1 (and about β). We now have a symplectic
cobordism with upper boundary a composition of Dehn twists about only the curves α1, . . . , α2g.
By attaching Weinstein 2–handles as in Theorem 2.3 to the curves α1, . . . , α2g as necessary we can
arrange that the upper boundary is supported by an open book with factorization a power of
(τα1 · · · τα2g)4g+2. Then applying the chain relation
(τα1 · · · τα2g)4g+2 = τγ
we have a symplectic cobordism with upper boundary having monodromy τnγ for some n.
We can now attach Weinstein 1–handles so that the upper boundary is supported by an open
book (Σ′, φ′) where Σ′ is shown in Figure 2 and φ′ is simply τnγ . We can choose the genus of Σ′
large enough so that after adding more Dehn twists we can apply the chain relation again to see
that the monodromy is τγ′ . It is easy to see that the resulting manifold is the claimed S1–bundle
over the capped off Σ′ and the contact structure is as claimed, [11].
Step 3. Construct a strong symplectic cap (C3, ω3) for (Y ′′, ξ′′).
Let C3 be the D2 bundle over Σ with Euler number 1. It is well-known, cf. [33], that there is
a symplectic structure ω3 on C3 so that the boundary is concave. That is (C3, ω3) is a symplectic
cobordism from Y ′′ with some contact structure to the empty contact manifold, that is a cap. We
are left to determine the contact structure on Y ′′ for which this is a cap. There are several ways to
see that the contact structure is ξ′′, but we refer to [25] or [11] for a nice description of this.
Step 4. Construct the cap (C,ω) for (Y, ξ) with all the desired properties.
Using Lemma 2.1 we may glue the three cobordisms constructed above together to get a cap
(C,ω) for (Y, ξ) since the first cobordism is simply connected and the second two cobordisms are
constructed with 2, 3, and 4–handles we see that C is simply connected. It clearly contains N2 and
a regular fiber T inN2 transversely intersects an S2 (the−2–framed unknot in Figure 1) we see that
the meridian to T is null-homotopic in the complement of T . Since the fundamental group ofC−T
is generated by meridians, we see that C−T is simply connected. Moreover, it is well-known that
the regular fibers in the cusp neighborhood in Figure 1 can be taken to be symplectic. This can be
seen in several ways, one way is to take the Lagrangian punctured torus that the trefoil in Figure 1
bounds and capping it with the Lagrangian core of the 2-handles. This gives a Lagrangian torus
isotopic to a fiber, since this fiber is not null-homologus (since it intersects the S2 discussed above)
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the symplectic form may be perturbed to make the torus symplectic, cf. [12]. Thus (C,ω) has all
the desired properties.
Turing now to the case of a weak filling (X,ω) of (Y, ξ), we first recall that Weinstein handles
can be added to a weak filling to obtain a new weak filing, see [17]. An argument very close to
that given in Step 2./ above, allows us to attach handles to (X,ω) to obtain a new symplectic
manifold (X ′′, ω′′) with weakly convex boundary into which (X,ω) embeds. For details see [15].
If M is a rational homology sphere, a weak symplectic filling can be modified near the boundary
into a strong symplectic filling [34]. Thus we may assume that (X ′′, ω′′) has a strongly convex
boundary and can hence be capped off as above yielding the claimed symplectic manifold (X ′, ω′)
into which (X,ω) embeds. 
We are now ready to prove our main theorem about symplectic caps.
Proof of Theorem 1.4. Let (X,ω) be a symplectic filling of (Y, ξ). From Proposition 3.1 we know that
there is a closed symplectic 4–manifold (X ′, ω′) into which (X,ω) embeds such that (C,ωC) =
(X ′ −X,ω′) is a symplectic cap for (Y, ξ) with all the properties listed in the proposition.
Choose a sequence of fibered knots Ki in S3 with genus equal to i, in particular notice that this
implies that the highest degree in the Alexander polynomial of Ki is i. Let X ′i be the result of Ki
knot surgery on X ′ using the fiber torus in the cusp neighborhood guaranteed by Proposition 3.1.
According to Lemma 2.5 X ′i has a symplectic structure ωi. Clearly (X,ω) embeds in all of these
and so (Ci, ωCi) = (X ′i −X,ωi) are all symplectic caps for (Y, ξ).
We are left to see that the Ci are all non-diffeomorphic and, at least an infinite subset of them,
are homeomorphic. For the later, notice that the Ci are all obtained from C by Ki knot surgery.
As noted in Section 2.2 all the Ci will have the same homology and intersection form. Moreover,
since the complement of the torus used for knot surgery is simply connected it is easy to see that
the Ci are also simply connected. Since Theorem 2.7 of Boyer says there are only a finite number of
homeomorphism types with this intersection form and boundary, we see that an infinitely subset
of the Ci must be homeomorphic.
Now to see all the Ci are not diffeomorphic we use Theorem 2.6 of Taubes to see that SWX′ 6= 0.
Now Theorem 2.4 says
SWX′i = SWX′ ·∆Ki(t2[T ]).
where T is the torus in the cusp neighborhood. Recall this is an equation in the group ring
Z[H2(X ′)]. Below we will show that these are all distinct elements (note this is not completely
obvious as group rings can have zero divisors since H2(X ′) might have torsion), but given this
we see all the manifolds X ′i are not diffeomorphic. But if any two of the Ci are diffeomorphic by
a diffeomorphism that is the identity on the boundary, then we could extend the diffeomorphism
over the corresponding X ′i, thus all the Ci are not diffeomorphic.
To see the SWX′i we study the group ring of H2(X ′). Let G be the subset of H2(X ′) generated
by [T ]. Note that as noted in the proof of Proposition 3.1, there is a sphere in X ′ that intersects
T transversely and in one point. Thus [T ] is of infinite order in H2(X ′) and we see that G is
isomorphic toZ. It is easy to see thatZ[Z] is the set of Laurent polynomials with integer coefficients
and hence has no zero devisors. Now Lemma 1.1.4 in [37] says that if G is a subgroup of H and α
is an element of Z[G], then α is a zero devisor in Z[G] if and only if it is a zero devisor in Z[H]. (The
cited lemma considers group rings with over a field, but clearly this implies the results for group
rings over Z). Thus all the SWX′i are non-zero. Finally let SWX′ = β where the highest power of
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t[T ] with non-zero coefficient in β ∈ Z[H2(X ′)] is n. Then SWX′i = ∆Ki(t2[T ]) · β. And this element
of the group ring has a non-zero coefficient on the element tn+2i[T ] and all the coefficients on terms
having a power tm[T ] with m > n+ 2i are zero. Thus all the SWXi are distinct.
By performing knot surgery on X ′ using knots with non-monic Alexander polynomials, we can
similarly construct an infinite number of smooth structures that do not admit symplectic struc-
tures. The corresponding C cannot admit symplectic structures giving a cap for (Y, ξ) or we could
glue them to (X,ω) to obtain a symplectic structure for the smooth structure on X ′. 
4. EMBEDDING 3–MANIFOLDS IN SYMPLECTIC CAPS
In order to prove our main theorem, we will need a preliminary results about factoring cobor-
disms.
Theorem 4.1. Given any 3–manifold Y , there is a symplectic cap (C,ω) for (S3, ξstd) into which Y embeds
so that C \ Y has two components and the component not containing S3 is simply connected and contains
a cusp neighborhood.
Proof. We will build a symplectic cobordism (C ′, ω′) from (S3, ξstd) to another contact manifold
(Y ′, ξ′) into which Y embeds so that it separates the ends. Once this is done the proof is complete
as we can add the symplectic cap for (Y ′, ξ′) from Proposition 3.1 to the top of (C ′, ω′) to build the
desired cap for (S3, ξstd).
We begin by letting L be a link on which integer surgery gives Y . Let C1 be the cobordism
obtained by attaching 2–handles to L with framings given by the surgery coefficients. So C1 is a
cobordism from S3 to Y . If L can be realized by a Legendrian link so that the Thurston-Bennequin
invariants of the components of the link are larger than the framing used for the surgery, then C ′′
is can be made to have a symplectic structure. More specifically, we may attach Weinstein handles
to ([0, 1] × S3, d(etαstd)) to obtain a symplectic cobordism from (S3, ξstd) to Y with some contact
structure on it. This will be (C ′, ω′) in this case. Of course this cannot happen for all Y as this
implies that Y has a Weinstein fillable contact structure.
In the general case, we will start with the smooth cobordism C1 and construct cobordism a
smooth cobordism C2 from Y to Y ′ such that the result of gluing C1 to C2 has symplectic structure
giving a symplectic cobordism from S3 to Y ′ into which Y embeds. The cobordism C2 is build
by attaching the handles shown in Figure 3 to Y × [0, 1] sufficiently many times. We now see that
C1 ∪ C2 is a Weinstein cobordism from (S3, ξstd) to some contact structure on Y ′.
FIGURE 3. Weinstein handle body. The Thurston-Bennequin invariant of the at-
taching circle of the 2-handle is 1.
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To see this notice that the 2–handle in Figure 3 bounds a punctured torus and so the contact
framing is given by the Thurston-Bennequin invariant which is 1. Now let K be a component of L
on which we want to do n surgery, but n is larger than the maximal Thurston-Bennequin invariant
of Legendrian representatives of K, we denote this by tb(K). If we slide K over the 2–handle in
Figure 3 to get a knot K ′ which is the connected sum of K and the attaching circle K ′ for the 2–
handle in Figure 3. In the resulting handle diagram the framing on K ′ is still n, it is simple to see
that, or consult [14, 18], that tb(K#K ′) = tb(K) + tb(K ′) + 1. Thus we have increased the maximal
Thurston-Bennequin invariant of K but not changed the framing of the handle attachment. After
doing this a sufficient number of times we will be able to attach a Weinstein handle K (actually
whatK becomes after the slides). We can do this for each component of L and thus see thatC1∪C2
indeed has the structure of a symplectic cobordism. 
We are now ready to prove that any closed, oriented 3–manifold admits a simply connected
topological filling with infinitely many smooth structures.
Proof of Theorem 1.1. Given Y let (C,ω) be the cap form Theorem 4.1. We can symplectically glue
(C,ω) to (B4, ωstd) to get a closed symplectic 4–manifolds (X,ω) into which Y embeds so that
X \ Y has two components, one of which is simply connected and contains the Gompf nucleus
N2. The argument now is exactly the same as the proof of Theorem 1.4 (although the argument
that the Seiberg-Witten invariants being different is slightly easier, since X is simply connected
and hence H2(X) has no torsion). 
REFERENCES
[1] Selman Akbulut and Burak Ozbagci. On the topology of compact Stein surfaces. Int. Math. Res. Not., (15):769–782,
2002.
[2] Selman Akbulut and Kouichi Yasui. Cork twisting exotic Stein 4-manifolds. J. Differential Geom., 93(1):1–36, 2013.
[3] Selman Akbulut and Kouichi Yasui. Infinitely many small exotic Stein fillings. J. Symplectic Geom., 12(4):673–684,
2014.
[4] Anar Akhmedov, John B. Etnyre, Thomas E. Mark, and Ivan Smith. A note on Stein fillings of contact manifolds.
Math. Res. Lett., 15(6):1127–1132, 2008.
[5] Anar Akhmedov and Burak Ozbagci. Singularity links with exotic Stein fillings. J. Singul., 8:39–49, 2014.
[6] Francis Bonahon. Diffe´otopies des espaces lenticulaires. Topology, 22(3):305–314, 1983.
[7] Steven Boyer. Simply-connected 4-manifolds with a given boundary. Trans. Amer. Math. Soc., 298(1):331–357, 1986.
[8] S. K. Donaldson. An application of gauge theory to four-dimensional topology. J. Differential Geom., 18(2):279–315,
1983.
[9] Simon K. Donaldson. La topologie diffe´rentielle des surfaces complexes. C. R. Acad. Sci. Paris Se´r. I Math.,
301(6):317–320, 1985.
[10] Yakov Eliashberg. A few remarks about symplectic filling. Geom. Topol., 8:277–293 (electronic), 2004.
[11] Tolga Etgu¨ and Burak Ozbagci. Explicit horizontal open books on some plumbings. Internat. J. Math., 17(9):1013–
1031, 2006.
[12] John B. Etnyre. Symplectic convexity in low-dimensional topology. Topology Appl., 88(1-2):3–25, 1998. Symplectic,
contact and low-dimensional topology (Athens, GA, 1996).
[13] John B. Etnyre. On symplectic fillings. Algebr. Geom. Topol., 4:73–80 (electronic), 2004.
[14] John B. Etnyre. Legendrian and transversal knots. In Handbook of knot theory, pages 105–185. Elsevier B. V., Ams-
terdam, 2005.
[15] John B. Etnyre. Lectures on open book decompositions and contact structures. In Floer homology, gauge theory, and
low-dimensional topology, volume 5 of Clay Math. Proc., pages 103–141. Amer. Math. Soc., Providence, RI, 2006.
[16] John B. Etnyre and Ko Honda. On symplectic cobordisms. Math. Ann., 323(1):31–39, 2002.
[17] John B. Etnyre and Ko Honda. Tight contact structures with no symplectic fillings. Invent. Math., 148(3):609–626,
2002.
12 JOHN B. ETNYRE, HYUNKI MIN, AND ANUBHAV MUKHERJEE
[18] John B. Etnyre and Ko Honda. On connected sums and Legendrian knots. Adv. Math., 179(1):59–74, 2003.
[19] Benson Farb and Dan Margalit. A primer on mapping class groups, volume 49 of Princeton Mathematical Series. Prince-
ton University Press, Princeton, NJ, 2012.
[20] Ronald Fintushel and Ronald J. Stern. Knots, links, and 4-manifolds. Invent. Math., 134(2):363–400, 1998.
[21] Michael Hartley Freedman. The topology of four-dimensional manifolds. J. Differential Geom., 17(3):357–453, 1982.
[22] Robert Friedman and John W. Morgan. On the diffeomorphism types of certain algebraic surfaces. I. J. Differential
Geom., 27(2):297–369, 1988.
[23] David Gabai, G. Robert Meyerhoff, and Nathaniel Thurston. Homotopy hyperbolic 3-manifolds are hyperbolic.
Ann. of Math. (2), 157(2):335–431, 2003.
[24] David T. Gay. Explicit concave fillings of contact three-manifolds. Math. Proc. Cambridge Philos. Soc., 133(3):431–441,
2002.
[25] David T. Gay. Open books and configurations of symplectic surfaces. Algebr. Geom. Topol., 3:569–586 (electronic),
2003.
[26] Emmanuel Giroux. Ge´ome´trie de contact: de la dimension trois vers les dimensions supe´rieures. In Proceedings of
the International Congress of Mathematicians, Vol. II (Beijing, 2002), pages 405–414, Beijing, 2002. Higher Ed. Press.
[27] Robert E. Gompf. Nuclei of elliptic surfaces. Topology, 30(3):479–511, 1991.
[28] Robert E. Gompf and Andra´s I. Stipsicz. 4-manifolds and Kirby calculus, volume 20 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 1999.
[29] M. Gromov. Pseudoholomorphic curves in symplectic manifolds. Invent. Math., 82(2):307–347, 1985.
[30] A. Kaloti. Stein fillings of planar open books. ArXiv e-prints, November 2013.
[31] P. Lisca and G. Matic´. Tight contact structures and Seiberg-Witten invariants. Invent. Math., 129(3):509–525, 1997.
[32] Dusa McDuff. The structure of rational and ruled symplectic 4-manifolds. J. Amer. Math. Soc., 3(3):679–712, 1990.
[33] Dusa McDuff. Symplectic manifolds with contact type boundaries. Invent. Math., 103(3):651–671, 1991.
[34] Hiroshi Ohta and Kaoru Ono. Simple singularities and topology of symplectically filling 4-manifold. Comment.
Math. Helv., 74(4):575–590, 1999.
[35] Hiroshi Ohta and Kaoru Ono. Symplectic fillings of the link of simple elliptic singularities. J. Reine Angew. Math.,
565:183–205, 2003.
[36] C. Okonek and A. Van de Ven. Stable bundles and differentiable structures on certain elliptic surfaces. Invent.
Math., 86(2):357–370, 1986.
[37] Donald S. Passman. The algebraic structure of group rings. Robert E. Krieger Publishing Co., Inc., Melbourne, FL,
1985. Reprint of the 1977 original.
[38] Olga Plamenevskaya and Jeremy Van Horn-Morris. Planar open books, monodromy factorizations and symplectic
fillings. Geom. Topol., 14(4):2077–2101, 2010.
[39] Laura Starkston. Symplectic fillings of Seifert fibered spaces. Trans. Amer. Math. Soc., 367(8):5971–6016, 2015.
[40] Clifford Henry Taubes. The Seiberg-Witten invariants and symplectic forms. Math. Res. Lett., 1(6):809–822, 1994.
[41] W. P. Thurston and H. E. Winkelnkemper. On the existence of contact forms. Proc. Amer. Math. Soc., 52:345–347,
1975.
[42] C. T. C. Wall. On simply-connected 4-manifolds. J. London Math. Soc., 39:141–149, 1964.
[43] Alan Weinstein. Contact surgery and symplectic handlebodies. Hokkaido Math. J., 20(2):241–251, 1991.
[44] Chris Wendl. Strongly fillable contact manifolds and J-holomorphic foliations. Duke Math. J., 151(3):337–384, 2010.
SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, ATLANTA, GEORGIA
E-mail address: etnyre@math.gatech.edu
E-mail address: hmin38@gatech.edu
E-mail address: anubhavmaths@gatech.edu
